We study contact representations of non-planar graphs in which vertices are represented by axis-aligned polyhedra in 3D and edges are realized by non-zero area common boundaries between corresponding polyhedra. We present a liner-time algorithm constructing a representation of a 3-connected planar graph, its dual, and the vertex-face incidence graph with 3D boxes. We then investigate contact representations of 1planar graphs. We first prove that optimal 1-planar graphs without separating 4-cycles admit a contact representation with 3D boxes. However, since not every optimal 1-planar graph can be represented in this way, we also consider contact representations with the next simplest axis-aligned 3D object, L-shaped polyhedra. We provide a quadratic-time algorithm for representing optimal 1-planar graphs with L-shapes.
Introduction
Graphs are often used to describe relationships between objects, and graph embedding techniques allow us to visualize such relationships. There are compelling theoretical and practical reasons to study contact representations of graphs, where vertices are interior-disjoint geometric objects and edges correspond to pairs of objects touching in some specified fashion. In practice, 2D contact representations with rectangles, circles, and polygons of low complexity are intuitive, as they provide the viewer with the familiar metaphor of geographical maps. Such representations are preferred in some contexts over the standard node-link representations for displaying relational information [9] .
A large body of work considers representing graphs by contacts of simple curves or polygons in 2D. Graphs that can be represented in this way are planar and Koebe's 1936 theorem established that all planar graphs can be represented by touching disks [18] . Every planar graph also has a contact representation with triangles [15] . Curves, line-segments, and L-shapes have also been used [14, 17] . In particular, it is known that all planar bipartite graphs can be represented by contacts of axis-aligned segments [10] . For non-planar graphs such contact representations in 2D are impossible. In a natural generalization for non-planar graphs, vertices can be represented with 3D-polyhedra. For example, representations of complete graphs and complete bipartite graphs using spheres and cylinders have been considered [5, 16] . Overall, very little is known about such contact representations of non-planar graphs. As a first step towards representing non-planar graphs, we consider primaldual contact representations, in which a plane graph (a planar graph with a fixed planar embedding), its dual graph, and the face-vertex incidence graph are all represented simultaneously. More formally, in such a representation vertices and faces are represented by some geometric objects so that:
(i) the objects for the vertices are interior-disjoint and induce a contact representation for the primal graph; (ii) the objects for the faces are interior-disjoint except for the object for the outer face, which contains all the objects for the internal faces, and together they induce a contact representation of the dual graph; (iii) the objects for a vertex v and a face f intersect if and only if v and f are incident. Primal-dual representations of plane graphs have been studied in 2D. Every 3-connected plane graph has a primal-dual representation with circles [2] and triangles [15]; see Fig. 1(a) -(c). Our first result in this paper is an analogous primal-dual representation using axis-aligned 3D boxes. While it is known that every planar graph has a contact representation with 3D boxes [7, 12, 23] , Theorem 1 strengthens the result; see Fig. 1d . Before proving this theorem we point out two important differences between our result for box-contact representation and the earlier primal-dual representations for circles and triangles [2, 15] . First, the existing constructions induce non-proper (point) contacts, while our contacts are always proper, that is, have non-zero areas. Second, for a given 3-connected plane graph, it is not always possible to find a primal-dual representation with circles by a polynomial-time
